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Separation Model for Two-Dimensional Airfoils
in Transonic Flow

F.A. Dvorak* and D.H. Choit
Analytical Methods, Inc., Redmond, Washington

A calculation method for transonic separated flow about two-dimensional airfoils at incidence has been
developed. The method is capable of predicting the effects of both leading- and trailing-edge separated flows. A
viscous potential flow iteration procedure provides the connection between potential flow, boundary layer, and
wake modules. The separated wake is modeled in the potential flow analysis by thin sheets across which exists a
jump in velocity potential. These sheets are analogous to vorticity sheets in incompressible flow. The agreement
between theory and experiment for a series of airfoils is generally good even when shock waves are present.

Nomenclature

= speed of sound
= airfoil chord length
= entrainment coefficient
= skin friction coefficient
= lift coefficient
= static pressure coefficient
= boundary-layer shape factors
= Mach number
= coordinate measured normal to the surface
Vo
6 = coordinates in ¢ plane
= coordinate measured along the surface
= temperature
,V = velocity components in X and Y directions
(incompressible flow)
u,v = velocity components in x and y directions
(compressible flow)
X,Y =transformed coordinates, Eq. (9)
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x,y = spatial coordinates in Cartesian or body-fitted
system
= physical plane
= angle of incidence
= ratio of specific heats
= boundary-layer thickness
* = boundary-layer displacement thickness
— (8% /v)(dU,/dx)
= boundary-layer momentum thickness
= Polhausen parameter, (8°/»}(dU,/d x)
= fluid viscosity
= fluid density
= computational plane
= velocity potential
= stream function
= (T, +198.6)/(T + 198.6)/T, /T,
Subscripts
e = evaluated at the edge of boundary layer
tr = transformed
0 = stagnation quantities
o0 = evaluated at the freestream state
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Introduction

EPARATED flow is one of the most important aspects of

aerodynamics, as it is present in almost all applications of
practical interest. However, separated flow, especially at tran-
sonic speeds, has received relatively little attention and a full
analysis of this phenomenon has not yet achieved much
success. It is, indeed, a challenging problem that requires not
only a good inviscid transonic flow calculation method, but
also an accurate prediction of boundary-layer development.
Above all, in order to obtain efficiently any realistic solutions
for which the large separated region exists, the wake region
must be modeled appropriately.

Only a few investigators have attempted to model this
complicated flow. Hicks' has coupled an optimization tech-
nique to an existing two-dimensional transonic airfoil code.
He has been able to obtain separation profiles where the
pressure remains constant along the separating streamline.
Unfortunately, this procedure has not yet resulted in good
agreement with experimental data. Diewert? has treated the
two-dimensional airfoil with separation using a time-depen-
dent Navier-Stokes code. Initial results for an 18% thick
circular arc airfoil with a very small amount of trailing-edge
separation are quite good; however, as the separated region
increases, agreement with experiment deteriorates. Recently,
Barnwell® proposed a calculation procedure for transonic flow
with small amounts of trailing-edge separation. This method
employs a closed-form solution of thé boundary-layer equa-
tions in the reverse flow region. Limited comparisons with
experiment show excellent agreement. Experience with a simi-
lar procedure developed by Cousteix* suggests that this ap-
proach can be successful for airfoils with small regions of
separated flow, but must break down at large angles of attack
where wake modeling becomes important.

The purpose of the present work is the development of an
analysis method for predicting the performance of two-dimen-
sional airfoils in transonic flow with the main emphasis placed
on its modeling of the separated region. It is useful to note
that a similar method for incompressible flow, CLMAX,> has
been very successful in predicting the performance of two-
dimensional airfoils having large regions of separated flow.
The superior performance of CLMAX over other presently
available methods has been confirmed by Blascovich’s® recent
study on evaluation of several representative separated flow
airfoil analysis methods. In CLMAX, the wake surface is
represented by a constant strength vortex sheet which, through
iteration, assumes a force-free wake position. In the calcula-
tion method presented here, TRANMAX, the wake surface, is
modeled by a discontinuity sheet with constant d¢/ds along
it and with a jump in ¢ (tangential velocity) across it. This
approach is analogous to the constant strength vorticity sheet
model in CLMAX. The wake model in the present code is
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closed and the shape remains fixed through one complete
inviscid flow iteration cycle.

Jameson’s code, FLO6,” with substantial change to include
the wake region, is used for the inviscid flow calculation. The
Cohen-Reshotko® boundary-layer method and Green’s® turbu-
lent lag-entrainment boundary-layer method are employed for
the viscous flow calculations. The details of the procedure and
its performance are described in subsequent sections.

Description of the Analysis Method

General Description

The present analysis method is built upon Jameson’s two-
dimensional potential flow calculation method, FLO6,’
Cohen-Reshotko’s laminar boundary-layer method,® and
Green’s lag-entrainment turbulent boundary-layer method.®
These methods were verified thoroughly by their originators
and can be used for transonic flow calculations with confi-
dence.

The solution procedure is shown in Fig. 1. The initial
potential flow solution is obtained either with or without the
wake prescribed, depending on the initial separation point.
The potential flow method has been substantially modified to
model the separation region with the shape of the wake
generated by a procedure to be described in a later section.
The inviscid pressure distribution having been obtained, the
boundary-layer development is predicted. This completes one
viscid /inviscid calculation cycle.

In subsequent iterations, the induced normal velocity on the
airfoil surface due to boundary-layer displacement effect is
taken into account. A new wake is generated at the start of
every iteration. )

This procedure is repeated until the solution converges, i.e.,
the separation points between two successive iterations remain
unchanged.

Details of individual elements are fully described in the
following sections.

Potential Flow Calculation Method

Basic Equations
From the equation of continuity and the momentum equa-
tion, we have

SN (L 1 EREINCU
(a —u)ax uv(ay+ax)+(a v)(?y—O (1)

Assuming irrotational flow, a velocity potential, ¢, can be
defined, i.e.,

_9¢ I (2)

p=——

YT o dy
Substitute these into Eq. (1) to obtain
(a’—u?) b — 2w, +(a’ ~v7)$,,=0 3)

This equation can be solved for ¢ with the use of the energy
equation

s r=1 o (1 y=1),
o+ 5t = (5 @
where ¢=Vu’+v’. The Neumann boundary condition is
prescribed along the surface: d¢/dn =0 is set initially, and it
takes a new value which reflects the viscous effect after each
iteration cycle.

d¢

5. =0 (first iteration)

= ﬁ % (pud*)=f  (subsequent iterations) (5)
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Fig. 1 Calculation procedure.
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Fig. 2 Grid system.

where 8* is the boundary-layer displacement thickness and s
is measured along the airfoil surface.

Because the nature of Eq. (3) is hyperbolic if the local Mach
number M =g/a>1 and elliptic if M <1, it is essential to
transform the infinite flowfield onto a finite domain. This can
be achieved by mapping the exterior of the airfoil in the z
plane conformally onto the interior of a unit circle in the o
plane as shown in Fig. 2, taken from Ref. 10.

This transformation is particularly useful because an evenly
distributed grid system in the circle plane gives denser finite
mesh near the body at the leading and trailing edges in the
physical plane where it is needed most.

Inviscid Model of Separated Region

As mentioned earlier, the modeling of the wake is one of the
more important elements in the method. One may solve the
parabolized Navier-Stokes equations for the special class of
flow instead of modeling the wake. However, in principle this
cannot handle the region of large reverse flow. On the other
hand, solving the fuli time-dependent Navier-Stokes equations
18 not practical at this time because of the enormous comput-
ing time required. The only logical approach to this problem is
to simulate the separated flow with an inviscid wake model. A
good wake model, in fact, can represent the actual flow very
well as was demonstrated by an earlier study (CLMAX).

In the present model, the separated region is confined by
two dividing streamlines, one from the upper surface separa-
tion point and the other from the trailing-edge point, as shown
in Fig. 3.

As shown in the figure, along the dividing streamlines the
gradient in velocity potential, d¢/ds, is constant, while across
the streamlines, d¢/dn is zero.
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Fig. 3 Wake model.

Fig. 4 Separated region in the computational plane.

The wake shape is updated for each new calculated separa-
tion point. If the separation point remains unchanged, then
the solution is considered to be converged.

Construction and Transformation of the Wake

The wake model employed in this study has the form of two
parabolas, one from the upper surface separation point and
the other from the trailing edge (see Fig. 3). The initial slopes
of these parabolas assume the surface tangents at their respec-
tive points. These two curves are joined together at some point
downstream of the trailing edge (usually 20-30% of the chord
length) which is in line with the earlier model in CLMAX.

This wake in the physical plane can now be transformed
onto the circle plane. First, the grid network on the physical
plane, which corresponds to the uniform grid in the circle
plane, is generated by using the mapping function. With the
aid of simple interpolation, the wake in the physical plane can

be readily transformed onto the circle plane. A typical result-

ing separated region in the circle plane is shown in Fig. 4.

The streamlines which divide the flow into attached and
separated flow regions represent lines of constant d¢/ds.
These streamlines represent thin shear layers across which
there exists a jump in tangential velocity; and, consequently, a
jump in velocity potential, ¢. Due to this jump a special
treatment in the finite difference procedure is necessary along
this boundary. In the present method, the value of ¢ is
adjusted up or down by the amount of jump, A¢, where

A¢i=g—?Asi

and As is measured from point S or T, depending on the
particular side, to make the function ¢ continuous across the
dividing streamline. With this addition and subtraction, the
same difference formulas can be used throughout the field.
The procedure is similar to the so-called “shock fitting”
technique.

The Kutta condition, which is normally applied at the
trailing edge, is applied at points S and T, i.e.,

- & ©
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Fig. 5 Finite difference grid.

Special Treatment in Finite Difference Formulas along the Dividing
Streamline

The main idea of present finite difference formulas near the
dividing streamline is to make the potential, ¢, -continuous
across this streamline. As previously mentioned, this can be
achieved by adding or subtracting the amount of jump, A¢, to
or from ¢ at a particular point. The correction is applied to all
points lying on the side opposite the point of finite difference
approximation.

For example, the derivatives about the point 0 are shown
below (see Fig. 5)..

dp _dr— 9,
x~ 2Bx (72)
I _ op—(¢n + Ady)
3y~ 2Ay (70)
where
99
Apy= —— A
on 95 |at separation s
Asy = arc length along the dividing streamline
o dr— 29yt ¢
—Y IR _"70 7L Tc
ax’ Ax? (7¢)
% _dp— 29+ (on+A0y) (7d)
ay? Ay?
3’ =¢S_¢M+¢K_(¢Q+A¢Q) (7)
dxdy 4(AxAy)
Method of Solution

. The governing Eq. (3), together with the boundary condi-
tion, Eq. (5), is solved by a finite difference scheme after being
transformed onto a unit circle. Upwind differencing is used
when the local flow is supersonic, while central difference
formulas are used at subsonic points. The resulting set of
difference equations is solved iteratively. Details of the method
are referred to in the original paper’ and only the major
differences are presented here.

The Kutta condition is imposed by matching the pressures
at the upper surface separation point and the trailing edge,
ie., .

9¢

ds

-3 ©)

sep ds trailing edge

The amount of circulation is continuously updated to satisfy
Eq. (6). The new estimate of circulation determined from the
Kutta condition is then used for the next iteration. This cycle
is repeated until the correction to the old circulation value
satisfies the convergence criteria.
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It was found during the course of this work that the method
may encounter some difficulty if the solution is sought directly
for freestream Mach numbers greater than 0.35. This occurs
because the actual flow is becoming less stable and will
respond rapidly to even small disturbances. When the separa-
tion region is large (greater than 10% chord), the initial
inviscid flowfield is not representative of the flowfield with
separation; consequently, a poor initial solution can lead to
divergent behavior at higher Mach numbers. Proper conver-
gence and stability can be achieved by starting the solution
from a low Mach number and raising the Mach number
incrementally to the desired value.

After the velocity potential, ¢, is obtained, the tangential
velocity component, u, on the surface can be obtained readily
through simple differencing. The pressure coefficient C, along
the surface is given by

Calculation of Boundary-Layer Development

The boundary-layer development along both upper and
lower surfaces is calculated by Cohen-Reshotko’s laminar
boundary-layer method® and Green’s turbulent boundary-layer
method.” The Granville procedure is adopted as a transition
criterion'! and the possibility of the reattachment as a turbu-
lent boundary layer after laminar boundary-layer separation is
also examined on the basis of the Reynolds number based on
the momentum thickness at the point of separation.'!

Cohen and Reshotko Method

This integral method was developed for the steady two-di-
mensional laminar boundary layer with the assumption that
the surface temperature is uniform. First, consider the
Stewartson transformation

N _pu W —pu
dy  p Ox Py

= [l P =% (7P
X j(;waopodx Y aof dy

0 Po
_9y - _ %
U= 3y V= I 9)

where { and a represent the stream function and the speed of
sound, respectively. Capital letters denote quantities of the
equivalent incompressible problem. With this transformation,
the equivalent incompressible problem can be formulated.

The momentum integral equation in two-dimensional flow
is given by

do"_}_ﬁd*l]_e
dx TU dx

(H+2)=5 (10)

where C; is the skin friction coefficient 7,/%pU;, and the
subscript tr denotes the transformed (incompressible) coordi-
nate. Introducing a parameter A where

0 du,
7, ax )

and substituting this into Eq. (10) gives

(12)

d A _ G
—Uea‘i[m] —2|:>\(H“,+2)+ 7

The right-hand side of this equation can be approximated by a
linear function of A2 ie, C,+ C,A, and, therefore, the
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ordinary differential equation (12) has an analytical solution,

AU, x ¢,
ax [, U dx (13)

)\': —CIU‘:CZ

where the arbitrary constant vanishes to ensure a finite
momentum thickness at the stagnation point. The Stewartson
transformation finally leads us to

dM
ax T Mo ()

A=—CM; <

This can be readily solved for A by simple integration
formulas such as the trapezoidal rule. Then the momentum
thickness and the shape factor H are obtained from the
explicit expressions of A.

The separation of the boundary layer is detected by examin-
ing the Polhausen parameter, A =87/»(dU,/dx), assuming
that the H-A table for the incompressible flow is still valid.

After transition, either through natural transition or through
a separation /reattachment process, Green’s method takes over
the calculation of downstream turbulent boundary-layer de-
velopment.

Green’s Method

This is a “lag-entrainment” integral method involving three
equations: momentum-integral, entrainment equation, and a
rate equation for the entrainment coefficient.® The method is a
combination of Head’s original entrainment momentum-
integral method and the turbulent model proposed by
Bradshaw et al. in which the algebraic relation for the entrain-
ment coefficient of Head’s method is replaced by a rate
equation derived from the turbulent kinetic energy equation.

The resulting equations are:

dd

a4 ~F(0.H.Cp) (15)
dH =
Ix ~ F(0.H.C;) (16)
dc _
- =F(0,H,Cp) (17)
where
Y o U R g-Ll(ce(,_x
e G U T U
I d s
CE— peuea Opudy

This system of ordinary differential equations is solved by the
Runge-Kutta method. The separation point can be located by
monitoring both the friction coefficient C; and the shape
factor H.

Results and Discussion

The main purpose of this analysis method is the prediction
of the performance of a given airfoil for a wide range of angles
of attack from which the maximum lift and its corresponding
angle can be determined. As will be shown in this section, the
analysis performs very well for all the cases examined. Pres-
sure distributions, as well as lift and moment curves, are in
good agreement with experimental data.

The method has been tested against three distinctly different
airfoils: the GA(W)-1,* the NACA 0012, and the Model
A1.!% The freestream Mach number varies from 0.15 for the
GA(W)-1 to 0.6 for the Al airfoil. For each flow condition the
angle of attack is gradually increased until the airfoil has
stalled. Airfoils at angles of attack beyond the static stall angle
have been analyzed.
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GA(W)-1 M, =0.15
a = 20.05°

Re = 6 x 10

TRANMX
SYMBOLS DATA

'ZAL

0 0.2 0.4 0.6 0.8 1.0
x/c

Fig. 6 Pressure distribution along GA(W)-1 airfoil.

The case of the GA(W)-1 airfoil is of particular interest,
since it can serve as an important yardstick for the perfor-
mance of the present method. The freestream Mach number of
0.15 does not exhibit any complex phenomena of highly
compressible transonic flow and, therefore, the performance of
the calculation method can be attributed to the wake model
used in the method. The present results (Fig. 6) are obtained
for M, =015, Re=6x10° at a=20.06 deg (beyond the
stall angle). The good correlation with the experiment con-
firms that the wake model provides physically realistic results.

The comparisons shown in Figs. 7 and 8 are for the NACA
0012 symmetric airfoil at M, = 0.5, Re =3 X 10°. Here again,
the results are quite good, although the quoted angles of
attack appear to be high. It is interesting to note that the pure
inviscid solution for a = 9.86 deg, which is plotted in Fig. 7b,
fails to predict the real pressure distribution by a surprising
margin. A separated region of about 20% of the chord makes
the pure potential flow solution meaningless. This demon-
strates that the viscid/inviscid iteration changes the real
flowfield considerably, and the viscous effects cannot be
ignored.

Results for a helicopter airfoil section (the Al airfoil) are
compared in Figs. 9-12. The data were collected by Hicks and
McCroskey" in the Ames 2 X 2 ft Transonic Wind Tunnel.
The C,— a curve shown in Fig. 9 can be divided into three
regions. The flow in the first region, a < 8 deg, can be char-
acterized by either fully attached flow or a small amount of
trailing-edge separation. The lift C, varies nearly linearly with
respect to a in this region. The next region represents the flow
for angles of attack from 8 deg to acpmax- The boundary
layer in this region separates at the foot of the shock and thus
blunts the shock front. In this region, a combination of shock
separation and trailing-edge separation is present. C; con-
tinues to increase in this region until the point where
catastrophic leading-edge separation brings it down sharply in
the third region.

The results are in good agreement with experiment in Re-
gion I. The calculated C, is much higher than the experimental
data in Region II, although the general trend of the C,— «
curve is in close agreement with the experiment. The lower
experimental C; is due to the shock boundary-layer separa-
tion, which the present method currently cannot predict. The
analysis predicts the break in the pitching moment distribu-
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b) a=9.86 deg.
Fig. 7 Pressure distribution along an NACA 0012 airfoil.

tion in Fig. 10. The pressure distributions shown in Figs, 11
and 12 correlate very well with the experimental data.

The new calculation method performs very well for all the
cases tested. The minor discrepancies which exist in some of
the comparisons are attributed to the calculation method’s
own limitations rather than inconsistent performance. Mis-
leading high lift, which is likely to happen when the method
does not detect the shock boundary-layer separation, can be
easily noted by a careful analysis of the computed results. One
obvious clue may be the unrealistically high local speed, say
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Fig. 12 Pressure distribution along an Al airfoil for M, = 0.596;
a =6 deg.
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Fig. 10 C, — a curve for Al airfoil.
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are difficult. More reliable high Mach number flow data with a
substantial region of reversed flow are desired for the future
improvement of the calculation method.
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Conclusions

An analysis method for transonic trailing-edge-type sep-
arated flow has been demonstrated by comparison with ex-
perimental data. Predicted C,— & behavior is in good agree-
ment with experiment for several different. airfoil types at
Mach numbers approaching 0.6. At higher Mach numbers,
inspection of the local Mach number distribution usually
suggests separation as a result of strong shocks. While the
program is not currently capable of modeling this phenome-
non, it can be used as a predictive tool to indicate when
shock /boundary-layer separation can be expected.

The main advantage of this method over other existing
methods is that the present scheme with its simple wake model
allows computations for massive separation. It also can be
readily extended to the three-dimensional case.
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